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Ẽ
I ≤

ǫ
2
(1

+
ǫ) (E

I
+
E

I
c).

C
ase

E
I
>
ǫ·E

I
c:Ẽ
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Ẽ
i
c,

so
get

i
if|x

i | 2
large

com
p
ared

w
ith

E
I
>

(1−
ǫ)Ẽ
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≥
|z̃

i |−
|z

i −
z̃
i |

T
h
u
s

|y
i |−
|z

i |
≤
|ỹ

i |−
|z̃

i |
+
|y

i −
ỹ

i |+
|z

i −
z̃
i |

≤
|y

i −
ỹ

i |+
|z

i −
z̃
i |

≤
2ǫ √

E
K

c/k

T
h
u
s

‖|y|−
|z|‖
≤

2ǫ √
E

K
c.
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E
x
a
c
tly

k
T
e
rm

s
O

u
tp

u
t:

P
ro

o
f

C
on

tin
u
in

g...

‖|z|‖
=
‖z‖

≤
√
E

K
c

‖|y|‖
=
‖y‖

≤
‖z‖

+
‖|y|−

|z|‖
,

so

‖|y|
+
|z|‖

≤
2‖z‖

+
‖|y|−

|z|‖
≤

2 √
E

K
c
+

2ǫ √
E

K
c

≤
3 √

E
K

c,
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E
x
a
c
tly

k
T
e
rm

s
O

u
tp

u
t:

P
ro

o
f

so,
fi
n
ally,

‖y‖
2−
‖z‖

2
=
‖|y|‖

2−
‖|z|‖

2

=
〈|y|

+
|z|,|y|−

|z|〉
≤
‖|y|

+
|z|‖·‖|y|−

|z|‖
≤

3 √
E

K
c·2ǫ √

E
K

c

≤
6ǫE

K
c.
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F
in

d
in

g
O

th
e
r

H
e
a
v
y

T
h
in

g
s

E
.g.,

F
ou

rier
co

effi
cien

ts.

Im
p
ortan

t
b
y

th
em

selves

U
sefu

l
tow

ard
oth

er
k
in

d
s

of
su

m
m

aries
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O
rth

o
n
o
rm

a
l
b
a
se

s

C
olu

m
n
s

of
U

is
O

N
B

if
colu

m
n
s

of
U

are
p
erp

en
d
icu

lar
an

d
u
n
it

E
u
clid

ean
len

gth
.

T
h
u
s

〈ψ
j ,ψ

k 〉
=


1,

j
=
k

0,
oth

erw
ise.

E
.g.:

•
F
ou

rier
b
asis

•
H

aar
w

avelet
b
asis
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D
e
c
o
m

p
o
sitio

n
s

a
n
d

P
a
rse

v
a
l

L
et{ψ

j }
b
e

O
N

B
.
T

h
en

,
for

an
y
x
,

x
=
∑
〈x
,ψ

j 〉
ψ

j .

an
d

∑

j

〈x
,ψ

j 〉
2

=
∑

i

x
2i
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e
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p
h
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a
lly
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E
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+
1

+
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+
1

+
1

+
1

+
1

+
1

+
1

−
1
−

1
−

1
−

1
+

1
+

1
+

1
+

1

−
1
−

1
+

1
+

1
0

0
0

0

0
0

0
0
−

1
−

1
+

1
+

1

−
1

+
1

0
0

0
0

0
0

0
0
−

1
+

1
0

0
0

0

0
0

0
0
−

1
+

1
0

0

0
0

0
0

0
0
−

1
+

1
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e
a
v
y

H
itte

rs
u
n
d
e
r

O
rth

o
n
o
rm

a
l

C
h
a
n
g
e

o
f
B

a
sis

H
ave

vector
x

=
U
x̂
,
w

h
ere

x̂
is

sp
arse

P
ro

cess
stream

b
y

tran
sform

in
g

Φ
:

•
C

ollect
Φ
x̂

=
Φ

(U
−

1U
)x̂

=
(Φ
U

−
1)x̂

.

A
n
sw

er
q
u
eries:

•
R

ecover
h
eav

y
h
itters

in
x̂

•
Im

p
licitly

recover
h
eav

y
U

-co
effi

cien
ts

of
x
.

A
ltern

atively,
tran

sform
u
p
d
ates...7
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H
a
a
r

W
a
v
e
le

ts—
p
e
r-Ite

m
T

im
e

S
ee

“ad
d
v

to
x

i ”

W
an

t
to

sim
u
late

ch
an

ges
to
x̂

=
U

−
1x

R
egard

as
“ad

d
v

to
x

i ”
as

“ad
d
v
e
i

to
x
”

D
ecom

p
ose

v
e
i

in
to

its
H

aar
w

avelet
com

p
on

en
ts,

v
e
i
=
∑

j

v〈e
i ,ψ

j 〉
ψ

j .

K
ey

:〈e
i ,ψ

j 〉
=

0
u
n
less

i∈
su

p
p
(ψ

j ).

•
J
u
st
O

(log
(d

))
su

ch
j’s—

O
(log

(d
))
x̂

j ’s
ch

an
ge.
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arse
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an
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of

b
asis
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•
H

istogram
s

(p
iecew
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t)

•
M

u
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(h
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•
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H
isto

g
ra

m
s

S
till

see
stream

of
ad

d
itive

u
p
d
ates:

“ad
d
v

to
x

i ”
W

an
t
B

-p
iece

p
iecew

ise-con
stan

t
rep

resen
tation

,
h
,
w

ith

‖h
−
x‖
≤

(1
+
ǫ)‖h

o
p
t −

x‖
.

W
e

op
tim

ize
b
ou

n
d
ary

p
osition

s
an

d
h
eigh

ts.
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H
isto

g
ra

m
s–

A
lg

o
rith

m
O

v
e
rv

ie
w

K
ey

id
ea:

H
aar

w
avelets

an
d

h
istogram

s
sim

u
late

each
oth

er

effi
cien

tly.

•
t-term

w
avelet

is
O

(t)-b
u
cket

h
istogram

•
B

-b
u
cket

h
istogram

is
O

(B
log

(d
))-term

w
avelet

rep
’n

N
ex

t,
class

of
algorith

m
s

w
ith

vary
in

g
costs

an
d

gu
aran

tees:

•
G

et
go

o
d

H
aar

rep
resen

tation

•
M

o
d
ify

it
in

to
a

h
istogram
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S
im

u
la

tio
n

H
istogram

s
sim

u
late

H
aar

w
avelets:

•
E

ach
H

aar
w

avelet
is

p
iecew

ise
con

stan
t

w
ith

4
p
ieces

(3

b
reak

s),
so
t

term
s

h
ave

3t
b
reak

s
(3t

+
1)

p
ieces.

H
aar

w
avelets

sim
u
late

h
istogram

s:

•
If
h

is
a
B

-b
u
cket

h
istogram

an
d
ψ

j ’s
are

w
avelets,

th
en

3
h

=
∑

j 〈h
,ψ

j 〉
ψ

j .

3
〈h
,ψ

j 〉
=

0
u
n
less

su
p
p
(ψ

j )
in

tersects
a

b
ou

n
d
ary

of
h
.

3
≤
O

(log
(d

))
su

ch
w

avelets;≤
O

(log
(d

))
term

s
in

a
B

-b
u
cket

h
istogram

.
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A
lg

o
rith

m
1

1.
G

et
O

(B
log

(d
))-term

w
avelet

rep
’n
w

w
ith

‖w
−
x‖
≤

(1
+
ǫ)‖h

o
p
t −

x‖
.

2.
R

etu
rn
w

as
a
O

(B
log

(d
))-b

u
cket

h
istogram

C
om

p
ared

w
ith

op
tim

al,
O

(log
(d

))
tim

es
m

ore
b
u
ckets

an
d

(1
+
ǫ)

tim
es

m
ore

error—
a

(O
(log

(d
)),1

+
ǫ)-ap

p
rox

im
ation

.

W
e

can
d
o

b
etter...
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A
lg

o
rith

m
2

1.
G

et
O

(B
log

(d
))-term

w
avelet

rep
’n
w

w
ith

‖w
−
x‖
≤

(1
+
ǫ)‖h

o
p
t −

x‖
.

2.
R

etu
rn

n
b
est

B
-b

u
cket

h
istogram

h
to
w

.
(H

ow
?

so
on

.)

G
et

a
(1,3

+
o(1))-ap

p
rox

im
ation

:

‖h
−
x‖

≤
‖h
−
w‖

+
‖w
−
x‖

≤
‖h

o
p
t −

w‖
+
‖w
−
x‖

≤
‖h

o
p
t −

x‖
+

2‖w
−
x‖

≤
(3

+
2ǫ)‖h

o
p
t −

x‖
,
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A
lg

o
rith

m
3

1.
G

et
O

(B
log

(d
)
log

(1/ǫ)/ǫ
2)-term

w
avelet

rep
’n
w

w
ith

‖w
−
x‖
≤

(1
+
ǫ)‖h

o
p
t −

x‖
.

2.
P
ossib

ly
d
iscard

som
e

term
s,

gettin
g

a
ro

b
u
st
w

ro
b .

3.
O

u
tp

u
t

b
est

B
-b

u
cket

h
istogram

h
to
w

ro
b .

G
et

a
(1,1

+
ǫ)-ap

p
rox

im
ation

.
N

ex
t:

•
W

h
at

is
“rob

u
st?”

•
P

ro
of

of
correctn

ess.

•
H

ow
to

fi
n
d
h

from
w

ro
b .
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R
o
b
u
st

R
e
p
re

se
n
ta

tio
n
s

A
ssu

m
e

ex
act

estim
ation

(W
e’ve

sh
ow

n
estim

ation
error

is

d
om

in
ated

b
y

oth
er

error.)

H
ave

O
(B

log
(d

)
log

(1/ǫ)/ǫ
2)-term

rep
n
,
w

.

L
et
B

′
=

3B
log

(d
)

(h
ist

to
w

avelet
sim

u
lation

ex
p
ression

)

C
on

sid
er
w

(B
′) ,w

(2
B

′) ,...

L
et
w

ro
b

b
e

w
ro

b
=


w

(j
B

′) ,
∥∥
w

(j
B

′..(j
+

1
)B

′) ∥∥
2≤

ǫ
2 ∥∥
w

((j
+

1
)B

′..) ∥∥
2

w
,

oth
erw

ise.

“T
ake

term
s

from
top

u
n
til

th
ere

is
little

p
rogress.”

8
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R
o
b
u
st

R
e
p
re

se
n
ta

tio
n
,
C

o
n
tin

u
e
d

P
ro

g
re

ss

C
on

tin
u
ed

p
rogress

on
w

im
p
lies

very
close

to
x
.

∥∥
w

(j
B

′..(j
+

1
)B

′) ∥∥
2

d
rop

s
ex

p
on

en
tially

in
j:

1.
G

rou
p

term
s,

2/ǫ
2

p
er

grou
p
.

2.
E

ach
grou

p
h
as

tw
ice

th
e

en
ergy

of
th

e
rem

ain
in

g
term

s,
i.e.,

tw
ice

th
e

en
ergy

of
th

e
rem

ain
in

g
grou

p
s,

so
at

least
tw

ice
th

e

en
ergy

of
th

e
n
ex

t
grou

p
.
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R
o
b
u
st

R
e
p
re

se
n
ta

tio
n
,
C

o
n
tin

u
e
d

P
ro

g
re

ss

T
erm

s
d
rop

off
ex

p
on

en
tially.

T
h
u
s

‖x
−
w

ro
b ‖

2
=
‖x
−
w‖

2

≤
d ∥∥
w

(la
st) ∥∥

2

≤
ǫ
2 ∥∥
w

(B
′..2

B
′) ∥∥

2

≤
ǫ
2 ∥∥
x
−
w

(1
..B

′) ∥∥
2

≤
ǫ
2(1

+
ǫ)‖x

−
h

o
p
t ‖

2

N
eed

T
=

(1/ǫ)
2
log

(d
/ǫ

2)
rep

etition
s,

so

(1−
ǫ
2)

T
=
ǫ
2/d

.

8
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R
o
b
u
st

R
e
p
re

se
n
ta

tio
n
,
C

o
n
tin

u
e
d

P
ro

g
re

ss

N
ote: ∥∥

x
−
w

(B
′) ∥∥
≤

(1
+
ǫ)‖x

−
h

o
p
t ‖,

i.e.,
w

(B
′)

is
accu

rate

en
ou

gh
.

(It
h
as

to
o

m
an

y
term

s.)

F
in

al
gu

aran
tee:

‖h
−
x‖

≤
‖h
−
w

ro
b ‖

+
‖w

ro
b −

x‖
≤
‖h

o
p
t −

w
ro

b ‖
+
‖w

ro
b −

x‖
≤
‖h

o
p
t −

x‖
+

2‖w
ro

b −
x‖

≤
(1

+
3ǫ)‖h

o
p
t −

x‖
.

A
d
ju

st
ǫ,

an
d

w
e’re

d
on

e.
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R
o
b
u
st

R
e
p
re

se
n
ta

tio
n
,
N

o
P

ro
g
re

ss

N
o

p
rogress

on
w

im
p
lies

n
o

p
rogress

on
x
:

∥∥
w

(j
B

′..(j
+

1
)B

′) ∥∥
2≤

ǫ
2 ∥∥
w

((j
+

1
)B

′..) ∥∥
2

im
p
lies

∥∥
w

(j
B

′..(j
+

1
)B

′) ∥∥
2
≤

ǫ
2 ∥∥
x

((j
+

1
)B

′..) ∥∥
2

≤
ǫ
2‖x
−
h

o
p
t ‖

2
.

S
o,

th
e

b
est

lin
ear

com
b
in

ation
,
r,

of
w

ro
b

an
d

an
y
B

-b
u
cket

h
istogram

isn
’t

m
u
ch

b
etter

th
an

w
ro

b .
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R
o
b
u
st

R
e
p
re

se
n
ta

tio
n
,
N

o
P

ro
g
re

ss

xAAAAA
r

h
w

ro
b

Q
Q

Q
Q

Q
Q

QQ

tt
t

t

s s

s

xw
ro

b
≈
r

h
H

H
H

H
H

H
H

H

�
�

�
�� � � � � � � ���

h
o
p
t
s

A
p
p
rox

im
ately

:‖h
−
r‖
≤
‖h

o
p
t −

r‖,
so
‖h
−
x‖
≤
‖h

o
p
t −

x‖.
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R
o
b
u
st

R
e
p
re

se
n
ta

tio
n
,
N

o
P

ro
g
re

ss

‖x
−
w

ro
b ‖

an
d
‖w

ro
b −

h
o
p
t ‖

are
b
ou

n
d
ed

.

‖
x
−
w

ro
b ‖
≤

(1
+
ǫ)‖x

−
h

o
p
t ‖

‖w
ro

b −
h

o
p
t ‖
≤

(3
+
ǫ)3‖x

−
h‖
.

A
lso,

‖r−
w

ro
b ‖
≤
ǫ‖x
−
h

o
p
t ‖
.
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R
o
b
u
st

R
e
p
re

se
n
ta

tio
n
,
N

o
P

ro
g
re

ss

W
e

h
ave

‖h
−
x‖

2
=
‖
h
−
r‖

2
+
‖r−

x‖
2

≤
(‖
h
−
w

ro
b ‖

+
‖w

ro
b −

r‖)
2

+
(‖x
−
w

ro
b ‖−

‖
w

ro
b −

r‖)
2

≤
‖
h
−
w

ro
b ‖

2
+
‖
w

ro
b −

r‖
2

+
‖x
−
w

ro
b ‖

2

+
‖w

ro
b −

r‖
2

+
2‖h
−
w

ro
b ‖·‖w

ro
b −

r‖
≤
‖
h

o
p
t −

w
ro

b ‖
2

+
‖w

ro
b −

r‖
2

+
‖x
−
w

ro
b ‖

2

+
‖w

ro
b −

r‖
2

+
2‖h

o
p
t −

w
ro

b ‖·‖w
ro

b −
r‖

≤
‖
h

o
p
t −

w
ro

b ‖
2

+
‖x
−
w

ro
b ‖

2

+
9·ǫ·‖x

−
h

o
p
t ‖

2
,
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R
o
b
u
st

R
e
p
re

se
n
ta

tio
n
,
N

o
P

ro
g
re

ss

...an
d
,
sim

ilarly,

‖h
o
p
t −

x‖
2

=
‖h

o
p
t −

r
′‖

2
+
‖
r
′−

x‖
2

≥
(‖h

o
p
t −

w
ro

b ‖−
‖w

ro
b −

r
′‖

)
2

+
(‖x
−
w

ro
b ‖−

‖w
ro

b −
r
′‖)

2

≥
‖h

o
p
t −

w
ro

b ‖
2

+
2‖w

ro
b −

r
′‖

2
+
‖x
−
w

ro
b ‖

2

−
2‖h

o
p
t −

w
ro

b ‖·‖w
ro

b −
r
′‖

−
2‖x
−
w

ro
b ‖·‖w

ro
b −

r
′‖

≥
‖h

o
p
t −

w
ro

b ‖
2

+
‖x
−
w

ro
b ‖

2

−
9·ǫ·‖x

−
h

o
p
t ‖

2
.
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o
b
u
st

R
e
p
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